Cognitive radios have been proposed as agile technologies to boost the spectrum utilization. This paper tackles the problem of channel estimation and its impact on downlink transmissions in an underlay cognitive radio scenario. We consider primary and cognitive base stations, each equipped with multiple antennas and serving multiple users. Primary networks often suffer from the cognitive interference, which can be mitigated by deploying beamforming at the cognitive systems to spatially direct the transmissions away from the primary receivers. The accuracy of the estimated channel state information (CSI) plays an important role in designing accurate beamformers that can regulate the amount of interference. However, channel estimate is affected by interference. Therefore, we propose different channel estimation and pilot allocation techniques to deal with the channel estimation at the cognitive systems, and to reduce the impact of contamination at the primary and cognitive systems. In an effort to tackle the contamination problem in primary and cognitive systems, we exploit the information embedded in the covariance matrices to successfully separate the channel estimate from other users' channels in correlated cognitive single input multiple input (SIMO) channels. A minimum mean square error (MMSE) framework is proposed by utilizing the second order statistics to separate the overlapping spatial paths that create the interference. We validate our algorithms by simulation and compare them to the state of the art techniques.
I. INTRODUCTION
The paradigm of cognitive radio has been proposed as a promising agile technology that can revolutionize future of telecommunications by breaking the gridlock of the wireless spectrum [1] - [2] . Two initial hierarchal levels have been defined: primary level and secondary level (the users within each level are called primary users (PU) and cognitive users (CU) respectively). Overlay, underlay and interweave are three general techniques that can regulate the coexistence terms of the two systems. The first two techniques permit simultaneous transmissions [3] - [4] , which leads to better spectrum utilization in comparison with the last one, which allocates the spectrum to the cognitive system by detecting the absence of the primary transmissions [5] .
The use of multiple antennas at the primary and the cognitive base stations has proven to be very useful for the interference management in cellular networks [4] . These characteristics make the multiple antenna techniques suitable to limit the impact of the created interference by cognitive transmissions on the primary receivers. Therefore, the accuracy of the CSI has an important role on the interference avoidance performance [6] . In this work, we focus on the CSI acquisition in an underlay cognitive network. The CSI acquisition in time division duplexing (TDD) systems has been handled in the literature by exploiting finite-length pilot sequences in the presence of cognitive interference. Recently, the problem of non-orthogonality of training sequences has been thoroughly investigated [6] - [9] in a multicell environment. It is pointed out in [6] that pilot contamination degrades the performance and a robust precoding technique is proposed to face this challenge. Specifically, it is shown that the reuse of sequences across interfering cells causes the interference mitigation performance to rapidly degrade with the number of antennas, and thereby undermines the benefits of MIMO systems in cellular networks.
To allow the cognitive coexistence with the primary network, the interference at both the estimation step and information transmission should be limited in order not to degrade the primary system. A definition of the interference constraint imposed by the primary system can be illustrated as follows
• Contamination temperature C th : The amount of the interference that can be tolerated by the primary base station (PBS) at the channel estimation phase. • Interference temperature I th : The amount of the cognitive downlink interference at the primary user (PU) receiver that can be accepted by the primary system 2 . In this paper, we study the performance of the primary and cognitive networks considering a pilot reuse between these two networks. We investigate the impact of the pilot reuse on the accuracy of the estimation at the primary system. Moreover, we examine the estimation procedure at the cognitive system and investigate the tradeoff between the multiuser diversity and the pilot contamination. Pilot allocation techniques at cognitive base station (CBS) are used to reduce the contamination at the primary and cognitive systems which consequently have an impact on the downlink performance. The adopted notations in the paper are as follows: we use uppercase and lowercase boldface to denote matrices and vectors. Specifically, I K denotes the K × K identity matrix. Let X T , X * and X H denote the transpose, conjugate, and conjugate transpose of a matrix X respectively. The Kronecker product of two matrices X and Y is denoted X⊗Y. Let tr(X) denote the trace operation, and CN (a, R) is used to denote the circularly symmetric complex Gaussian distribution, with the mean a and the covariance matrix R.
II. SYSTEM MODEL
Our model consists of primary cells with full spectrum reuse that coexist with a cognitive network. Estimation of flat block fading, narrow band channels in the uplink is considered. The base station acquires the channel estimate through uplink pilots transmitted by users. We assume that the pilot sequences, of length τ symbols, are used by single-antenna users. All base stations are equipped with an M -element uniform linear array (ULA) of antennas. It is assumed that each primary user is allocated an orthogonal pilot, so that no contamination occurs within the primary network. However, this pilot may be reused due to the limited resources by multiple cognitive users who contribute to the contamination of both primary and cognitive channel estimation. The pilot sequences used for estimating the user channels are denoted by s i [s i1 . . . s iτ ] T ∈ C 1×τ . The pilot symbols are normalized such that {|s ij | 2 = Pt τ , ∀j ∈ τ }, where P t is the total pilot power. For the sake of simplicity, we assume single PBS and CBS, where PUs use orthogonal pilots and these pilots are reused to estimate the CU's channel with respect to CBS with the possibility of reusing pilots within the cognitive systems. The users' channel vectors are assumed to be C M ×1 Rayleigh fading with correlation due to the finite multipath angle spread seen from the base station (BS) side. The channel between user x and BS z is denoted h xz ∼ CN (0, α xz R xz ) ∈ C M ×1 , where α xz is the attenuation from the user x to BS z. We denote the channel covariance matrix R xz ∈ C M ×M . We use the notation of P , C for primary system and cognitive system elements (i.e. BS or users) respectively. As multiple CUs exist in the system, we use the index j to distinguish the different CUs. Considering the transmission of s i sequence, the M × τ signal baseband symbols sampled at the PBS can be simplified as
where h P P is the channel of interest at PBS. The sampled baseband signal at CBS
where h SS,j is the channel to be estimated at CBS. Moreover, K i denotes the set of all CUs who use the training sequence s i simultaneously with the primary user. N S , N P ∈ C M ×τ denotes the spatially and temporally white complex additive Gaussian noise (AWGN) with element-wise variance σ 2 at CBS and PBS respectively. As we study the impact of reusing a single pilot in the primary and cognitive system, the pilot indices can be dropped. Furthermore, we assume that the cognitive uplink transmissions are synchronized with primary uplink transmissions. The contamination can occur in two cases:
• The contamination is created at the estimation process at PBS due to the reused pilots in the cognitive system. • The contamination is created in the estimation process at CBS due to the reused pilots in both cognitive and primary systems.
A. Channel Model
We consider a uniform linear array (ULA) at the BSs whose response vector can be expressed as
where ω = 2πd sin θ λ , d is the antenna spacing at the base station, λ is the signal wavelength and θ is angle of arrival of a single path. Assuming a flat fading channel, the received signal at the base station can be expressed as a multipath model utilizing the response array vector as
where γ i is a complex random gain factor, ω i depends on the angle θ i of the i th path, Q is the number of paths. A general correlation structure can be well approximated for limited angular spread by [14] 
. σ θ is the standard deviation of the angular spread. The matrix B σω depends on the angular spread of the multipath components. The angular distribution is Gaussian ω ∈ N (0, σ 2 ω ), and it can be written as
When ω is uniformly distributed over [−δ ω , δ ω ], the covariance has the following structure
and
Theorem [11] 1: The asymptotic normalized rank of the Toeplitz channel covariance matrix R with antenna separation d and angle of arrival θ and angular spread is given by
where
From theorem 1, it can be noted that the rank of the user's covariance is a function of the angular spread and direction of arrivals. The users' positions with respect to the surrounding BSs have a direct impact on their channels, and as consequence the estimation procedures of these channels. As a result, employing pilot allocation techniques that take into the account the user's natural separability can boost the quality of estimation at both PBS and CBS.
B. The CSI acquisition at the primary and cognitive systems
The covariance information of the target users and interfering users can be acquired exploiting resource blocks where the desired user and interference users are known to be assigned pilot sequences at different times. Alternatively, this information can be obtained using the knowledge of the approximate users' positions and the type of the angular spread at BS side exploiting the correlation equations (5)- (6) . In this work, we assume two levels of covariance knowledge • Coordinated knowledge, in which the PBS and CBS have covariance information between themselves and the primary and cognitive users. • Cognitive knowledge, in which only the CBS has the covariance knowledge between itself and all users in both systems. Depending on correlation information availability on the CBS and PBS, we propose different estimation and pilot allocation techniques in the following sections.
III. CHANNEL ESTIMATION FOR UNDERLAY COGNITIVE
SCENARIO Utilizing the multiple antenna ULA structure, we propose a modified estimator with the target of decontaminating the reused pilots in the cognitive network. Our estimator exploits the information in the second order statistics of the channel vectors. The covariance matrices seize the required information of distribution (mainly mean and spread angle) of the multi-path signals at the base station [13] and as shown in (5), (6) . We define a training matrix S = s ⊗ I M , such that S H S = τ I M . Then, the received training signal at the primary base station can be expressed as
where n x ∈ C M τ ×1 = vec(N x ), x ∈ {S, P } is the sampled noise at PBS. The sampled signal at CBS can be formulated as
A. Naive Mean Square Error Estimation
The estimator does not consider the interference at the estimation process and can be formulated as
B. Coordinated Minimum Mean Square Estimation
The estimator at the PBS and CBS can be respectively expressed as
From (11), it can be noted that the estimator at the PBS is a function of all CUs' subspaces that utilize the same training sequence, which raises the question about the possibility of acquiring the CUs' second order statistics related to PBS.
To reduce the impact of the contamination, the cognitive system should have a pilot allocation strategy to reduce the contamination on the primary system and cognitive system. 1) Mean Square Error Performance: The estimation errors at the PBS and CBS respectively can be expressed as
From the previous equations, it can be concluded that the mean square errors at PBS and CBS are functions of the subspaces of the cognitive interfering users.
C. Primary Cognitive MMSE Estimator
To minimize the MSE at the PBS, the contamination constraint should be taken into consideration. The mean square error can be formulated as
The optimization problem that takes into the account the contamination effect can be formulated as min
To solve the previous optimization problem, we need to express the associated Lagrange equation as
where γ indicates a scaling factor for the received signal. The corresponding Karush-Kuhn-Tucker (KKT) conditions for L(G) can be written as
λ tr(G P G H P ) − P = 0,
From (18), we can formulate the modified MSE estimator as follows
The final estimator can be expressed as
To determine the values of ζ 1 , we need to define the following function
In order to ensure that the contamination does not exceed the threshold, this condition should be considered f (µ) ≤ 0. This condition results in
. The value of ζ * can be evaluated at CBS and passed to PBS as the knowledge of second order statistics is available at CBS.
1) Mean Square Error Performance:
The contamination temperature can be translated into mean square error constraint. The MSE can be evaluated using (24), and has the following formulation:
It can be noted that MSE is a function of the contamination temperature. By increasing the contamination temperature, the MMSE estimator reduces to the same formulation as the typical MMSE estimator.
IV. PILOT DECONTAMINATION USING PILOT ALLOCATION
To enhance the quality of estimation, we introduce pilot allocation algorithms to assign the pilot to the set of the secondary users that span distinct subspaces with respect to the PU and the set of cognitive user. Moreover, this pilot allocation can simplify the estimation at the PBS by assigning the same training sequence to a suitable set of CUs in the cognitive networks.
A. Optimal Pilot Allocation
To find the optimal pilot allocation that achieves the minimum MSE across the networks, we need to exhaustively search all possible combinations. To simplify the search, we proposed low complexity greedy algorithms to find the suboptimal set of cognitive users that can simultaneously utilize the same training sequence with the primary users. These algorithms can be summarized as follows
B. Greedy MSE Minimizing Pilot Allocation Algorithm
We adopt the MSE as a metric to optimize the pilot allocation algorithm. Define the set of the CUs that utilizes the training sequence s as U s , and the set of CUs that may allocate the same pilot with PU U. Define the mean square error metric as follows
It should be noted that these pilot allocation algorithms are designed at cognitive system deployment, so they are functions of the relative positions of the cognitive users and primary user. 3) if ηp < ζ th , go to step 1.
• To reduce the pilot contamination within the cognitive system 1) Initialize Us = φ 2) k * = arg min k∈U ηs(P, Us ∪ {k}), Us ← Us ∪ {k * }.
It can be noted that if the cognitive users are located in distinct position, they span different subspaces which can reduce the probability of having contamination in the primary and cognitive estimate. Therefore, this has a direct impact on the interference avoidance based technique in the downlink transmissions.
C. Heuristic Pilot Allocation
Another pilot allocation that can handle a generic estimation technique is to assign the pilot based on the users spatial separability. We propose a new metric to express the amount of overlap in subspaces
where 0 ≤ δ p SP,i ≤ 1. When δ p S,P,i is close to 1, the users span highly overlapped subspaces, but when δ p S,P,i is close to 0, the users span a highly separated subspaces. To express the concatenated subspaces of the CUs overlapping with a PU, we define the following metric
.
(30)
If we define the semi-orthogonality threshold values between the primary system and CUs as δ p , and between the CUs δ s , The pilot allocation algorithm can be written as A.2 δ p , δ s Heuristic Pilot Allocation
• δp step to reduce the contamination at PBS 1) Initialize the set of CU that may allocate the same training sequence with the i th PU U (s i ) = φ. 2) ∀j ∈ C, δ p SP,j ≤ δp, U(s i ) ← U (s i ) ∪ j. • δs step to reduce the contamination at CBS 1)
D. User Grouping Based Pilot Allocation
User grouping has been proposed in [12] for the purpose of utilizing the users' correlation matrices to virtually sectorize the BS based on users' channel statistics due to the rank limitation stated by Theorem (1). To simplify the pilot allocation and the estimation at the both systems, we cluster the PUs and CUs into different groups such that each user should belong to two different groups. The first set of groups G P,g is related to PBS and the other one G C,g is related to CBS. These groups are designed according to these guidelines • The cognitive users in the same group should have channel covariance eigenspace spanning a common subspace, which identifies the group. • The subspaces of the group should span mutually orthogonal subspaces or disjoint ones (i.e. the groups have non-overlapping ). The G P,g :
• The CUs distribution among PBS groups has no relation to their distribution among CBS ones.
These factors depend on the users' relative positions with respect to BSs (PBS, CBS) and the local scattering environment. We use the chordal distance as a metric to assess the similarity among the users, which makes it suitable for users grouping. Given two matrices X ∈ C M ×r , Y ∈ C M ×r their chordal distance denoted by d c (X, Y) is defined by
The group subspaces for the CUs are defined as Q SP,g , Q SS,g ∈ C M ×r : g = 1, . . . , G are assumed to be known and fixed a priori based on users' geometric distribution where r defines the rank of Q SS,g , Q SP,g , and U k,x is the k th users dominant eigenvectors. Assuming we have M groups, we can group the users using the following algorithm
Find the minimum distance
and add user k to group g, G x,g = G x,g ∪ k.
It is obvious that the performance depends on the selection of the predefined subspaces Q x,g . 
The set of {Q x,g }, g = 1, . . . , G x are chosen to span disjoint subspaces by assuming distinct angular spread or have a minimal overlap with the other group which can be found using the chordal distance metric as follows
The user grouping is performed once for fixed users position. Based on the grouping, we propose a new pilot allocation algorithm
A.3 Group Based Pilot Allocation
• PBS selects the j th PU.
• Acquiring this information, CBS finds the group Q S,P,j∈g * that falls within the selected PU subspace. • Select the k ∈ Q SP,g ∀g ∈ g * • Find the subspace that has the minimum chordal distance l * = arg min l d(Q SP,l , Q P P,j∈g * ).
The user grouping pilot allocation can be combined with any of the described estimation techniques NMMSE, MMSE and CMMSE.
V. NUMERICAL RESULTS
In order to assess the performance of the proposed schemes, simulations of cognitive and primary systems have been performed. The assumed scenario: single PU, 20 SUs, 10 antennas at CBS and PBS, the angular spread is assumed to be 30 • uniformly distributed at CBS ULA with overlap of 6 • . These parameters are applied in the following simulations unless otherwise stated. The users channels are assumed to have the formulation of (4), and undergo the correlation (5), (6) . The studied metric is the normalized sum mean square error, which can be expressed for PBS and CBS respectively as η P = 10 log 10 ( ĥ P P − h P P ).
(36) Fig. (1) depicts the comparison among the different pilot allocation strategies with respect to cell edge SNR. The mean square error performance for pilot allocation in the cognitive system is studied, for nominal reuse factor of 3. It can be noted that the random pilot allocation has the worst performance in comparison with the other techniques. This can be explained by the fact that RPA does not pay any attention about the separability between the SU and PU and or the other SUs.
On the other hand, MSE based pilot allocation techniques outperform all techniques. User grouping and heuristic pilot allocation achieve a comparable performance with respect to MPA with the advantage of reduced complexity. Figure (2) illustrates the contamination and its impact on MSE performance of the PU. It can be clearly noted that the CU existence has a powerful impact on the estimation process. The modified MMSE estimator with MPA has a superior performance in the rejection of the interference especially at SNR, due to its capability of limiting the interference to certain value. On other hand, using RPA at the CBS has a very harmful impact on the estimation at PBS since it does not take into the account the spatial separability between the CUs and the PU. The user grouping PA and heuristic PA show less impact on PU in comparison with RPA, which motivates their usefulness due their simple implementation.
VI. CONCLUSION
In this paper, we discussed the impact of pilot contamination during channel estimation and its influence on primary and cognitive systems. We presented and studied the performance of different MMSE techniques. We proposed modified estimation and pilot allocation techniques to tackle the primarycognitive hierarchy. They enabled enhanced estimation by reducing the overlap in the interfering subspaces and boosting the separation in the signals through allocating the same pilot to CUs that has distinct spatial characteristics from PU. Moreover, different pilot allocation techniques are proposed to enhance the estimation and to reduce the impact of contamination on the two systems. The performance of introduced algorithms was investigated and compared to current state of the art techniques. From the simulation results, it can be 
